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Stripe patterns

Banded vegetation patterns and intertidal mussel beds are classic examples of
self-organisation principles in ecology.

Vegetation stripes in Ethiopia.
Intertidal mussel beds in
the Wadden Sea.

Parallel to topographic contours and shoreline.
Caused by a scale-dependent feedback loop comprising long-range competition for a
limiting resource and short-range facilitation.
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Local facilitation in vegetation patterns

Positive feedback loop: Water infiltration into the soil depends on local plant density ⇒
redistribution of water towards existing plant patches ⇒ further plant growth.
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Klausmeier model for vegetation patterns

One of the most basic phenomenological models for vegetation patterns is the extended
Klausmeier reaction-advection-diffusion model.1

∂u
∂t =

plant growth︷︸︸︷
u2w −

plant loss︷︸︸︷
Bu +

plant dispersal︷︸︸︷
∂2u
∂x2 ,

∂w
∂t = A︸︷︷︸

rainfall

− w︸︷︷︸
evaporation

− u2w︸︷︷︸
water uptake

by plants

+ ν
∂w
∂x︸ ︷︷ ︸

water flow
downhill

+ d ∂2w
∂x2︸ ︷︷ ︸

water
diffusion

.

1Klausmeier, C. A.: Science 284.5421 (1999).
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Water uptake

Infiltration capacity increases with plant
density2

The nonlinearity in the water uptake and
plant growth terms arises because plants in-
crease the soil’s water infiltration capacity.

⇒Water uptake = Water density x plant
density x infiltration rate.

2Rietkerk, M. et al.: Plant Ecol. 148.2 (2000)
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Sediment accumulation model for mussel beds

A very similar model, the sediment accumulation model describes pattern formation in
intertidal mussel beds4

∂m
∂t =

mussel growth︷ ︸︸ ︷
δam(s + η)

s + 1 −
mussel death︷︸︸︷

m +

mussel dispersal︷ ︸︸ ︷
∂2m
∂x2 ,

∂s
∂t = m︸︷︷︸

sediment build-up

− θs︸︷︷︸
sediment erosion

+ D ∂2s
∂x2︸ ︷︷ ︸

sediment dispersal

,

∂a
∂t = 1 − εa︸ ︷︷ ︸

transport from
upper water layers

− βam(s + η)
s + 1︸ ︷︷ ︸

algae consumption

+ ν
∂a
∂x︸ ︷︷ ︸

algae flow
with tide

.

4Liu, Q.-X. et al.: Proc. R. Soc. Lond. B. 279.1739 (2012).
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Periodic travelling waves

alternative video link.
Model represents vegetation patterns as periodic travelling waves (PTWs).
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https://lukaseigentler.github.io/Talks/wavelength_change_video_no_Busse.mp4


Uphill movement in ecology

Timeseries data.5 Uphill migration due to water gradient.6

Data shows that vegetation stripes can move uphill (< 1m per year).

5Gandhi, P. et al.: Dryland ecohydrology. Springer International Publishing, 2019, pp. 469–509.
6Dunkerley, D.: Desert 23.2 (2018).
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Periodic travelling waves

alternative video link.

Model represents vegetation patterns as periodic travelling waves (PTWs).
Along rainfall gradient, transition from uniform vegetation to desert occurs via
several pattern transitions.
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Wavelength changes

State-of-the-art: predict wavelength
changes through PTW stability properties.
PTW linear stability is determined by their
essential spectra.
Calculated using numerical continuation.a

aRademacher, J. D., Sandstede, B. and Scheel, A.:
Physica D 229.2 (2007).
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Wavelength changes

State-of-the-art: predict wavelength
changes through PTW stability properties.
PTW linear stability is determined by their
essential spectra.
Calculated using numerical continuation.a

Wavelengths changes are typically
predicted through the Busse balloon:
parameter space of stable PTWs.

aRademacher, J. D., Sandstede, B. and Scheel, A.:
Physica D 229.2 (2007).
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Wavelength changes

Wavelengths are preserved, provided they
remain stable.
Upon destabilisation a wavelength change
occurs.
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Wavelength changes

alternative video link.
Significant delays between crossing a stability boundary and observing wavelength
changes occur.
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Delays to wavelength changes

t
delay

t
delay

t
delay

Significant delays between crossing a stability boundary and observing wavelength
changes occur.
Order of magnitude differences in delay depending on parameter values.
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Predicting delays
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Predicting delays

Can predict the order of magnitude of the delay through the accumulated maximal
instability7

µ(A(t)) =
∫ t

tstab
µ(τ)dτ, t ≥ tstab.

tstab is the time of the
last crossing of the stability
boundary.
µ(t) is the max real part of
the spectrum at time t.

7EL and Sensi, M.: Journal of Theoretical Biology 595 (2024).
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Delay prediction in practice

Lukas Eigentler (University of Warwick, UK) Wavelength changes of patterned ecosystems 18



Delay prediction in practice
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Delay prediction reset in stable regions
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Conclusions

Wavelength changes that occur after
crossing a stability boundary are
subject to a delay.

0 1 2 3
0

1

2

3

4

20

30

40

60

80

100

200

400

A
PTW

Lukas Eigentler (University of Warwick, UK) Wavelength changes of patterned ecosystems 21



Conclusions

Wavelength changes that occur after
crossing a stability boundary are
subject to a delay.

0 1 2 3
0

1

2

3

4

30

40

60

80

100

200

400

A
PTW

Lukas Eigentler (University of Warwick, UK) Wavelength changes of patterned ecosystems 21



Conclusions

Wavelength changes that occur after
crossing a stability boundary are
subject to a delay.
Order of magnitude of the delay can
be predicted by tracking the
maximum real part of the spectrum
of the destabilised pattern over time.

0 1 2 3
0

1

2

3

4

30

40

60

80

100

200

400

A
PTW

Lukas Eigentler (University of Warwick, UK) Wavelength changes of patterned ecosystems 21



Conclusions

Wavelength changes that occur after
crossing a stability boundary are
subject to a delay.
Order of magnitude of the delay can
be predicted by tracking the
maximum real part of the spectrum
of the destabilised pattern over time.
Open question: What new
wavelength is chosen?
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Wavelength changes

Open question: What new wavelength
is chosen?
For fixed PDE parameters, there is
multistability of different periodic
travelling waves.
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Linear analysis insufficient

Created a large dataset of wavelength
changes through simulations.
Compared wavelength change
dynamics with features of essential
spectra.
Suggests that linear analysis is
insufficient to characterise wavelength
changes.
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Some selection data

Large areas of Busse balloon remain
unselected.
Extinction does not necessarily occur
at the edge of the Busse balloon.
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What next?

New methods needed to understand periodic travelling wave wavelength selection.
Take inspiration from known results on λ-ω systems?
Similar trends observed for mussel model ⇒ possible to derive principles applicable
to a wider class of models?
Need evidence of wavelength changes in empirical systems.

Lukas Eigentler (University of Warwick, UK) Wavelength changes of patterned ecosystems 25



References

Slides are available on my website.
http://lukaseigentler.github.io

[1] Eigentler, L. and Sensi, M.: ‘Wavelength selection for periodic travelling waves: an
unsolved problem’. Bull. Math. Biol. (in press).

[2] Eigentler, L. and Sensi, M.: ‘Delayed loss of stability of periodic travelling waves:
insights from the analysis of essential spectra’. Journal of Theoretical Biology 595
(2024), p. 111945.

Lukas Eigentler (University of Warwick, UK) Wavelength changes of patterned ecosystems 26

http://lukaseigentler.github.io
http://dx.doi.org/10.1007/s11538-025-01576-1
http://dx.doi.org/10.1007/s11538-025-01576-1
http://dx.doi.org/10.1016/j.jtbi.2024.111945
http://dx.doi.org/10.1016/j.jtbi.2024.111945

	References

	2.Plus: 
	2.Reset: 
	2.Minus: 
	2.EndRight: 
	2.StepRight: 
	2.PlayPauseRight: 
	2.PlayRight: 
	2.PauseRight: 
	2.PlayPauseLeft: 
	2.PlayLeft: 
	2.PauseLeft: 
	2.StepLeft: 
	2.EndLeft: 
	anm2: 
	2.199: 
	2.198: 
	2.197: 
	2.196: 
	2.195: 
	2.194: 
	2.193: 
	2.192: 
	2.191: 
	2.190: 
	2.189: 
	2.188: 
	2.187: 
	2.186: 
	2.185: 
	2.184: 
	2.183: 
	2.182: 
	2.181: 
	2.180: 
	2.179: 
	2.178: 
	2.177: 
	2.176: 
	2.175: 
	2.174: 
	2.173: 
	2.172: 
	2.171: 
	2.170: 
	2.169: 
	2.168: 
	2.167: 
	2.166: 
	2.165: 
	2.164: 
	2.163: 
	2.162: 
	2.161: 
	2.160: 
	2.159: 
	2.158: 
	2.157: 
	2.156: 
	2.155: 
	2.154: 
	2.153: 
	2.152: 
	2.151: 
	2.150: 
	2.149: 
	2.148: 
	2.147: 
	2.146: 
	2.145: 
	2.144: 
	2.143: 
	2.142: 
	2.141: 
	2.140: 
	2.139: 
	2.138: 
	2.137: 
	2.136: 
	2.135: 
	2.134: 
	2.133: 
	2.132: 
	2.131: 
	2.130: 
	2.129: 
	2.128: 
	2.127: 
	2.126: 
	2.125: 
	2.124: 
	2.123: 
	2.122: 
	2.121: 
	2.120: 
	2.119: 
	2.118: 
	2.117: 
	2.116: 
	2.115: 
	2.114: 
	2.113: 
	2.112: 
	2.111: 
	2.110: 
	2.109: 
	2.108: 
	2.107: 
	2.106: 
	2.105: 
	2.104: 
	2.103: 
	2.102: 
	2.101: 
	2.100: 
	2.99: 
	2.98: 
	2.97: 
	2.96: 
	2.95: 
	2.94: 
	2.93: 
	2.92: 
	2.91: 
	2.90: 
	2.89: 
	2.88: 
	2.87: 
	2.86: 
	2.85: 
	2.84: 
	2.83: 
	2.82: 
	2.81: 
	2.80: 
	2.79: 
	2.78: 
	2.77: 
	2.76: 
	2.75: 
	2.74: 
	2.73: 
	2.72: 
	2.71: 
	2.70: 
	2.69: 
	2.68: 
	2.67: 
	2.66: 
	2.65: 
	2.64: 
	2.63: 
	2.62: 
	2.61: 
	2.60: 
	2.59: 
	2.58: 
	2.57: 
	2.56: 
	2.55: 
	2.54: 
	2.53: 
	2.52: 
	2.51: 
	2.50: 
	2.49: 
	2.48: 
	2.47: 
	2.46: 
	2.45: 
	2.44: 
	2.43: 
	2.42: 
	2.41: 
	2.40: 
	2.39: 
	2.38: 
	2.37: 
	2.36: 
	2.35: 
	2.34: 
	2.33: 
	2.32: 
	2.31: 
	2.30: 
	2.29: 
	2.28: 
	2.27: 
	2.26: 
	2.25: 
	2.24: 
	2.23: 
	2.22: 
	2.21: 
	2.20: 
	2.19: 
	2.18: 
	2.17: 
	2.16: 
	2.15: 
	2.14: 
	2.13: 
	2.12: 
	2.11: 
	2.10: 
	2.9: 
	2.8: 
	2.7: 
	2.6: 
	2.5: 
	2.4: 
	2.3: 
	2.2: 
	2.1: 
	2.0: 
	1.Plus: 
	1.Reset: 
	1.Minus: 
	1.EndRight: 
	1.StepRight: 
	1.PlayPauseRight: 
	1.PlayRight: 
	1.PauseRight: 
	1.PlayPauseLeft: 
	1.PlayLeft: 
	1.PauseLeft: 
	1.StepLeft: 
	1.EndLeft: 
	anm1: 
	1.198: 
	1.197: 
	1.196: 
	1.195: 
	1.194: 
	1.193: 
	1.192: 
	1.191: 
	1.190: 
	1.189: 
	1.188: 
	1.187: 
	1.186: 
	1.185: 
	1.184: 
	1.183: 
	1.182: 
	1.181: 
	1.180: 
	1.179: 
	1.178: 
	1.177: 
	1.176: 
	1.175: 
	1.174: 
	1.173: 
	1.172: 
	1.171: 
	1.170: 
	1.169: 
	1.168: 
	1.167: 
	1.166: 
	1.165: 
	1.164: 
	1.163: 
	1.162: 
	1.161: 
	1.160: 
	1.159: 
	1.158: 
	1.157: 
	1.156: 
	1.155: 
	1.154: 
	1.153: 
	1.152: 
	1.151: 
	1.150: 
	1.149: 
	1.148: 
	1.147: 
	1.146: 
	1.145: 
	1.144: 
	1.143: 
	1.142: 
	1.141: 
	1.140: 
	1.139: 
	1.138: 
	1.137: 
	1.136: 
	1.135: 
	1.134: 
	1.133: 
	1.132: 
	1.131: 
	1.130: 
	1.129: 
	1.128: 
	1.127: 
	1.126: 
	1.125: 
	1.124: 
	1.123: 
	1.122: 
	1.121: 
	1.120: 
	1.119: 
	1.118: 
	1.117: 
	1.116: 
	1.115: 
	1.114: 
	1.113: 
	1.112: 
	1.111: 
	1.110: 
	1.109: 
	1.108: 
	1.107: 
	1.106: 
	1.105: 
	1.104: 
	1.103: 
	1.102: 
	1.101: 
	1.100: 
	1.99: 
	1.98: 
	1.97: 
	1.96: 
	1.95: 
	1.94: 
	1.93: 
	1.92: 
	1.91: 
	1.90: 
	1.89: 
	1.88: 
	1.87: 
	1.86: 
	1.85: 
	1.84: 
	1.83: 
	1.82: 
	1.81: 
	1.80: 
	1.79: 
	1.78: 
	1.77: 
	1.76: 
	1.75: 
	1.74: 
	1.73: 
	1.72: 
	1.71: 
	1.70: 
	1.69: 
	1.68: 
	1.67: 
	1.66: 
	1.65: 
	1.64: 
	1.63: 
	1.62: 
	1.61: 
	1.60: 
	1.59: 
	1.58: 
	1.57: 
	1.56: 
	1.55: 
	1.54: 
	1.53: 
	1.52: 
	1.51: 
	1.50: 
	1.49: 
	1.48: 
	1.47: 
	1.46: 
	1.45: 
	1.44: 
	1.43: 
	1.42: 
	1.41: 
	1.40: 
	1.39: 
	1.38: 
	1.37: 
	1.36: 
	1.35: 
	1.34: 
	1.33: 
	1.32: 
	1.31: 
	1.30: 
	1.29: 
	1.28: 
	1.27: 
	1.26: 
	1.25: 
	1.24: 
	1.23: 
	1.22: 
	1.21: 
	1.20: 
	1.19: 
	1.18: 
	1.17: 
	1.16: 
	1.15: 
	1.14: 
	1.13: 
	1.12: 
	1.11: 
	1.10: 
	1.9: 
	1.8: 
	1.7: 
	1.6: 
	1.5: 
	1.4: 
	1.3: 
	1.2: 
	1.1: 
	1.0: 
	0.Plus: 
	0.Reset: 
	0.Minus: 
	0.EndRight: 
	0.StepRight: 
	0.PlayPauseRight: 
	0.PlayRight: 
	0.PauseRight: 
	0.PlayPauseLeft: 
	0.PlayLeft: 
	0.PauseLeft: 
	0.StepLeft: 
	0.EndLeft: 
	anm0: 
	0.198: 
	0.197: 
	0.196: 
	0.195: 
	0.194: 
	0.193: 
	0.192: 
	0.191: 
	0.190: 
	0.189: 
	0.188: 
	0.187: 
	0.186: 
	0.185: 
	0.184: 
	0.183: 
	0.182: 
	0.181: 
	0.180: 
	0.179: 
	0.178: 
	0.177: 
	0.176: 
	0.175: 
	0.174: 
	0.173: 
	0.172: 
	0.171: 
	0.170: 
	0.169: 
	0.168: 
	0.167: 
	0.166: 
	0.165: 
	0.164: 
	0.163: 
	0.162: 
	0.161: 
	0.160: 
	0.159: 
	0.158: 
	0.157: 
	0.156: 
	0.155: 
	0.154: 
	0.153: 
	0.152: 
	0.151: 
	0.150: 
	0.149: 
	0.148: 
	0.147: 
	0.146: 
	0.145: 
	0.144: 
	0.143: 
	0.142: 
	0.141: 
	0.140: 
	0.139: 
	0.138: 
	0.137: 
	0.136: 
	0.135: 
	0.134: 
	0.133: 
	0.132: 
	0.131: 
	0.130: 
	0.129: 
	0.128: 
	0.127: 
	0.126: 
	0.125: 
	0.124: 
	0.123: 
	0.122: 
	0.121: 
	0.120: 
	0.119: 
	0.118: 
	0.117: 
	0.116: 
	0.115: 
	0.114: 
	0.113: 
	0.112: 
	0.111: 
	0.110: 
	0.109: 
	0.108: 
	0.107: 
	0.106: 
	0.105: 
	0.104: 
	0.103: 
	0.102: 
	0.101: 
	0.100: 
	0.99: 
	0.98: 
	0.97: 
	0.96: 
	0.95: 
	0.94: 
	0.93: 
	0.92: 
	0.91: 
	0.90: 
	0.89: 
	0.88: 
	0.87: 
	0.86: 
	0.85: 
	0.84: 
	0.83: 
	0.82: 
	0.81: 
	0.80: 
	0.79: 
	0.78: 
	0.77: 
	0.76: 
	0.75: 
	0.74: 
	0.73: 
	0.72: 
	0.71: 
	0.70: 
	0.69: 
	0.68: 
	0.67: 
	0.66: 
	0.65: 
	0.64: 
	0.63: 
	0.62: 
	0.61: 
	0.60: 
	0.59: 
	0.58: 
	0.57: 
	0.56: 
	0.55: 
	0.54: 
	0.53: 
	0.52: 
	0.51: 
	0.50: 
	0.49: 
	0.48: 
	0.47: 
	0.46: 
	0.45: 
	0.44: 
	0.43: 
	0.42: 
	0.41: 
	0.40: 
	0.39: 
	0.38: 
	0.37: 
	0.36: 
	0.35: 
	0.34: 
	0.33: 
	0.32: 
	0.31: 
	0.30: 
	0.29: 
	0.28: 
	0.27: 
	0.26: 
	0.25: 
	0.24: 
	0.23: 
	0.22: 
	0.21: 
	0.20: 
	0.19: 
	0.18: 
	0.17: 
	0.16: 
	0.15: 
	0.14: 
	0.13: 
	0.12: 
	0.11: 
	0.10: 
	0.9: 
	0.8: 
	0.7: 
	0.6: 
	0.5: 
	0.4: 
	0.3: 
	0.2: 
	0.1: 
	0.0: 


